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Quadratic Assignment Procedure (QAP) 
Regression
Comparing multiple networks: QAP regression

– The substantive question is how one set of relations (or dyadic attributes) 
relates to another.

– Are country relations correlated with trade networks?

– Do in-person contacts associated with friendship relations from social media?
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Network Autocorrelation Model

Autocorrelation concept in the social networks.

– Thousands of examples show that every decision we made is
affected by our surrounding; in other words, the neighboring
effect plays an important role in our daily life.

– Homophily: people are attracted to similar others
– Influence: people become more similar to their neighbor
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Covariates
– Modeling social 

networks 
parametrically

– What creatres 
heterogeneity in 
the probability 
of a tie being 
formed?
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Attributes of nodes Heterogeneity by group
- average acticity
- mixing by group
Individual heterogeneity

Attributes of links Heterogeneity in
- duration
– types (sex, drug, …)

Configurations Degree distributions (or stars)

Cycle distributions (2,3,4, etc.)

Shared partner distributions

Dyad 
Independent
Terms

Dyad 
Dependent
Terms



Temporal Network Dynamics
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Recall: Regression Basics
A statistical technique is employed to analyze the connection between a primary 
variable of interest (often termed the dependent variable, Y) and one or more 
explanatory variables (also known as predictors, X). 

This method assesses:

– The strength of the relationship.

– The direction of the relationship (whether it's positive, negative, or zero).

– The goodness of fit of the model.
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Recall: Regression Basics
This technique enables the calculation of how much the dependent variable changes 
when a predictor variable shifts by one unit, while keeping all other predictors 
constant. 

Frequently known as Ordinary Least Squares (OLS) regression
– Its objective is to minimize (Σ 𝑌𝑌𝑖𝑖 − �𝑌𝑌𝑖𝑖

2
).

– Regression with a single predictor is termed simple regression
– Regression involving two or more predictors is referred to as multiple regression.
– Similar to correlation, if an explanatory variable significantly predicts the dependent 

variable, it does not necessarily imply causation.
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Recall: Regression Basics

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑋𝑋1 + 𝛽𝛽2𝑋𝑋2 + 𝛽𝛽3𝑋𝑋3 + ⋯+ 𝛽𝛽𝑛𝑛𝑋𝑋𝑛𝑛 + 𝜀𝜀
–𝑦𝑦: dependent variables
–𝛽𝛽0,𝛽𝛽1,𝛽𝛽2, … ,𝛽𝛽𝑛𝑛: coefficients
–𝑋𝑋1,𝑋𝑋2,𝑋𝑋3, … ,𝑋𝑋𝑛𝑛: explanatory variables
– 𝜀𝜀: random error term/ residuals
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Recall: Regression Basics
– The hypothesis of residuals in the OLS regression:
(1) The expected value of residuals is zero (zero mean)

𝐸𝐸(𝑢𝑢) = 0
(2) Residuals follow homoskedasticity

𝑣𝑣𝑣𝑣𝑣𝑣 𝑢𝑢 = 𝜎𝜎2,𝜎𝜎2 𝑖𝑖𝑖𝑖 𝑣𝑣 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑣𝑣𝑐𝑐𝑐𝑐
(3) Residuals are non-autocorrelation

𝑐𝑐𝑐𝑐𝑣𝑣 𝑢𝑢𝑐𝑐,𝑢𝑢𝑐𝑐 − 𝑖𝑖 = 0, 𝑓𝑓𝑐𝑐𝑣𝑣 𝑖𝑖 ≠ 0
(4) The relationship between independent variables and residuals is orthogonality

𝑐𝑐𝑐𝑐𝑣𝑣 𝑥𝑥,𝑢𝑢 = 0, 𝑓𝑓𝑐𝑐𝑣𝑣 𝑣𝑣𝑐𝑐𝑦𝑦 𝐼𝐼
(5) Residuals follow normality
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The residuals follow abovementioned conditions can be regards as independently identical distribution (iid) 
residuals: 𝑢𝑢 ~ 𝑖𝑖. 𝑖𝑖.𝑑𝑑.𝑁𝑁(0,𝜎𝜎2)



Recall: Regression Basics

– Social networks vs spatial networks

– The observations should be 
independent of each other
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EID States Populaton Area

1 Texas 30,503,301 695,660

2 Iowa 3,190,369 145,746

… … … …

… … … …

50 Kansas 2,937,880 213,100



Recall: Regression Basics

– Spatial autocorrelation is present in a variable when nearby 
observations in space exhibit correlated values (Tobler’s Law).

– One of the assumptions of regression is the independence of 
observations. If this assumption is violated, it leads to inaccurate 
estimations of the β coefficients, and the error term ε contains spatial 
dependencies, meaning it holds meaningful information. However, 
ideally, we want the error term to be indistinguishable from random 
noise.
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Spatial Regression



Social Networks vs Road Networks
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Recall: Regression Basics
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Spatial Lag Model vs Spatial Error Model

𝑿𝑿𝒊𝒊 𝑿𝑿𝒋𝒋

𝜺𝜺𝒊𝒊 𝜺𝜺𝒋𝒋

𝒚𝒚𝒊𝒊 𝒚𝒚𝒋𝒋

Spatial Lag 
Model 
(SLM)

Spatial Error 
Model 
(SEM)

𝑦𝑦 = 𝜌𝜌𝑊𝑊𝑦𝑦 + 𝑋𝑋𝛽𝛽 + 𝜀𝜀

𝑦𝑦 − 𝜆𝜆𝑊𝑊𝑦𝑦 = 𝑋𝑋𝛽𝛽 − 𝜆𝜆𝑊𝑊𝑋𝑋𝛽𝛽 + 𝑒𝑒
𝐼𝐼 − 𝜆𝜆𝑊𝑊 𝑦𝑦 = 𝐼𝐼 − 𝜆𝜆𝑊𝑊 𝑋𝑋𝛽𝛽 + 𝑒𝑒

𝑦𝑦 = 𝑋𝑋𝛽𝛽 + 𝑢𝑢
𝑢𝑢 = 𝜆𝜆𝑊𝑊𝑢𝑢 + 𝑒𝑒



Modeling Social Influence
– Determine the occurrence of social influence:
– Assess if it manifests through the autocorrelation of the dependent 

variable (SLM), the autocorrelation of disturbances (SEM), or a blend of 
both.

– Decide which mechanism governs social influence: communication or 
comparison.

– Make choices regarding which elements of 𝑾𝑾 are zero and which are non-
zero.

– For non-zero elements of 𝑾𝑾, ascertain the extent of influence exerted.
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Modeling Social Influence
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– Network effects model
𝑦𝑦 = 𝜌𝜌𝑊𝑊𝑦𝑦 + 𝑋𝑋𝛽𝛽 + 𝜀𝜀, 𝜀𝜀~𝑁𝑁(0,𝜎𝜎2𝐼𝐼)
e.g., ego’s voting behavior may be influenced by discussing matters with 
friends (interaction), but will often also depend on ego’s status, income, 
education, and so forth (local effects)

– Network disturbances model
𝑦𝑦 = 𝑋𝑋𝛽𝛽 + 𝜀𝜀, 𝜀𝜀 = 𝜌𝜌𝑊𝑊𝜀𝜀 + 𝜈𝜈, 𝜈𝜈~𝑁𝑁(0,𝜎𝜎2𝐼𝐼)

– Combined network effect and disturbance
𝑦𝑦 = 𝜌𝜌1𝑊𝑊1𝑦𝑦 + 𝑋𝑋𝛽𝛽 + 𝜀𝜀, 𝜀𝜀 = 𝜌𝜌2𝑊𝑊2𝜀𝜀 + 𝜈𝜈, 𝜈𝜈~𝑁𝑁(0,𝜎𝜎2𝐼𝐼)



Modeling Social Influence

– The decision to model contagion by either autocorrelating the dependent term or 
the disturbance term represents a theoretical distinction in understanding how 
contagion occurs.

– Definition: The opinion an actor would demonstrate in the absence of social 
influence is an actor’s intrinsic opinion (Leenders, 1995).

– 𝑦𝑦 = 𝜌𝜌1𝑊𝑊1𝑦𝑦 + 𝑋𝑋𝛽𝛽 + 𝜀𝜀
– 𝜀𝜀 = 𝜌𝜌2𝑊𝑊2𝜀𝜀 + 𝜈𝜈
– 𝜈𝜈~𝑁𝑁(0,𝜎𝜎2𝐼𝐼)
May 20, 2024
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Modeling Social Influence
– Ego forms their opinion based on both their inherent beliefs and the 

perspectives of those around them.
– For example, ego's political inclinations are influenced by their 

socioeconomic status, education, and income (intrinsic opinion), as well 
as by the political viewpoints voiced by their family, neighbors, and 
colleagues (contagion).

– These combined influences jointly shape ego's political position.
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Modeling Social Influence
– Ego's stance might initially be solely shaped by their inherent opinion;

their status, education, and income initially dictate their political outlook.
However, as ego notices their significant others diverging from their
intrinsic opinions, ego adjusts to their deviation.

– Ego might observe their peers leaning more towards either the left or
right side of the political spectrum than what their status, education, and
income would suggest. Witnessing this discrepancy, ego feels inclined to
shift their own viewpoint towards the corresponding direction.
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Model Selection: Network 
Disturbances Model
– In a statistical context, the process of adapting to deviations from 

intrinsic opinions, rather than to the opinions themselves, is mirrored by 
the autocorrelation of residuals. 

– These residuals, 𝜀𝜀𝑖𝑖, encapsulate latent forces that steer an individual's 
opinion away from their intrinsic standpoint.
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𝑦𝑦 = 𝑋𝑋𝛽𝛽 + 𝜀𝜀 𝜀𝜀 = 𝜌𝜌𝑊𝑊𝜀𝜀 + 𝜐𝜐 𝜐𝜐~𝑁𝑁(0,𝜎𝜎2𝐼𝐼)



Specification of Influence Matrix (𝑾𝑾): 
Importance
– Parameter estimation: you may directly change the 𝑊𝑊 and obtain 

different estimates. The difference can be substantial. 
– Hypothesis test: you may directly change 𝑊𝑊 and draw a different 

conclusion 
– Theories of social influence test: you may directly change one’s theory 

and change 𝑊𝑊
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Theories of Social Influence
– Social influence transpires when an individual adjusts their behavior, 

attitude, or belief to align with those of others within the social 
framework.

– In network analysis, social influence is perceived as a dyadic 
phenomenon: one individual adapts their behavior to match that of 
another, fostering behavior similarity in their actions.

– The term "contagion" is commonly employed to characterize these 
processes of social influence.
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Theories of Social Influence

– Communication: actors use actors with whom they are directly tied as their frame of 
reference.

– Comparison: actors use actors they feel similar to as their frame of reference
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Social Influence

Communication Comparison



Communication vs Comparison

– In the communication aspect of contagion, individuals exchange 
information regarding a particular issue, express uncertainties, share 
past experiences, and learn from each other's errors. This process results 
in a convergence of opinions, attitudes, and beliefs, though not 
necessarily conformity in behavior.

– On the contrary, comparison, which can occur among individuals not 
directly connected (non-adjacent actors), relies explicitly on role 
modeling and the emulation of behavior.

May 20, 2024

Chun-Hsiang Chan @ ST.ds 23



Communication vs Comparison

– In brief, communication tends to foster similarity in beliefs without 
necessarily impacting behavior, while comparison tends to induce 
similarity in behavior without necessarily altering underlying beliefs.

– The significance of this disparity lies in the fact that while a researcher 
can easily observe similarity in behavior, detecting similarity in 
beliefs and attitudes is more challenging.
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Social Infuence
– The operationalization of a communication process is via cohesion.

– Cohesion encompasses factors such as the quantity, length, and 
strength of connections between actors, giving rise to notions like 
cliques, k-plexes, and k-cores.

– It's examined whether actors belonging to the same subgroup (cliques, 
k-plexes, and k-cores) exhibit similar behaviors.
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Social Influence
– Comparison is commonly operationalized using the notion of equivalence. 

Equivalently positioned actors share similar network embeddings.
– Actors are deemed structurally equivalent if their ties to and from all 

actors are identical. They may not be directly connected and might not 
even be aware of each other's existence.
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Communication vs Comparison
– The communication perspective links similarity to the direct connections 

between actors:
– When adjacent actors are seen to be or become alike, this is 

attributed to communication.
– On the other hand, the comparison viewpoint links similarity to the 

manner in which actors are situated within the social structure:
– If equivalent actors with similar embeddings are observed to be or 

become alike, this is attributed to comparison.
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Communication vs Comparison

– An endeavor is undertaken to contrast communication with comparison
by initially assessing equivalence while controlling for cohesion.

– The rationale behind this approach is that cohesion encompasses 
communication effects, thus by isolating equivalence, only comparison 
effects are estimated.
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Communication vs Comparison

– Cohesion will continue to encapsulate both direct and indirect 
communication, as well as comparison effects among adjacent actors.

– Equivalence will encapsulate comparison effects and indirect 
communication among non-adjacent actors. 

– It may be theoretically feasible to argue for one over the other, 
empirically testing their relative impact is challenging.
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Adjacency vs Non-adjacent

– Differentiate between contagion among directly connected actors and 
contagion among actors without direct ties.
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Direct Tie

Indirect Tie
Social Influence



Adjacency vs Non-adjacent
– Contagion among directly connected actors encompasses both direct 

and indirect communication and comparison effects.
– Contagion among actors lacking direct ties encompasses direct and 

indirect comparison as well as indirect communication effects.
– As the sociometric distance between actors increases, the influence of 

indirect communication and comparison diminishes, thereby amplifying 
the direct comparison component.
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Social Influence: among adjacent and 
non-adjacent

– The differentiation between contagion via direct and indirect connections doesn't fully
resolve the debate between communication and comparison.

– It does segregate the impacts of contagion via direct communication, which
represents one of the primary theoretical explanations for contagion.

May 20, 2024
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Adjacent Actors Non-adjacent Actors
Communication
Indirect Communication

Indirect Communication

Comparison
Indirect Comparison

Comparison
Indirect Comparison

Direct 
Communcation



Operationalizations for Contagion
– Contagion among adjacent actors is simply operationalized by examining

whether they tend to exhibit similar opinions or behaviors.
– For contagion among non-adjacent actors, two distinct operational

approaches are employed:
– The first approach involves assessing equivalence among

unconnected actors.
– The second approach involves examining the quantity of paths of

different lengths between actors.
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Operationalization of Weighting Matrix 𝑾𝑾

– Steps
– Row versus column normalization
– Influence between adjacent actors: cohesion
– Influence between non-adjacent actors: equivalence
– Influence between non-adjacent actors: indirect paths
– Other specifications
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Row versus Column Normalization
May Jimmy Tiny Wendy

May --- 1 1 0
Jimmy 0 --- 1 0
Tiny 1 1 --- 1
Wendy 0 0 1 ---
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May Jimmy

TinyWendy

Row Normalization Column Normalization

If actor 𝑖𝑖 has three outgoing ties, each of his 
alters will have weight 1/3.
An actor with only one outgoing tie will be 
fully influenced by this one alter.

The strength of influence actor 𝑗𝑗 has over 
actor 𝑖𝑖 now depends on the number of 
actors influenced by 𝑗𝑗. 

𝑤𝑤𝑖𝑖𝑖𝑖
1 =

𝑣𝑣𝑖𝑖𝑖𝑖
𝑣𝑣𝑖𝑖.

𝑤𝑤𝑖𝑖𝑖𝑖
2 =

𝑣𝑣𝑖𝑖𝑖𝑖
𝑣𝑣.𝑖𝑖

𝒊𝒊

𝒋𝒋



Row versus Column Normalization

Row Normalization Column Normalization
Each outgoing contact has equal influence 
for each actor

Each ingoing onact has equal influence for 
each other

Weight proportional to out degree Weight proportional to indegree
Total amount of accepted influence equal 
for all actors

Total amount of exerted influence equal 
for all actors

Deals with accepted/ received influence Deals with exerted/exected influence
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Influence between Adjacent Actors: 
Cohesion

Cohesion

𝑤𝑤𝑖𝑖𝑖𝑖
3 =

𝑣𝑣𝑖𝑖𝑖𝑖
𝑣𝑣𝑖𝑖. + 1

, 1 𝑖𝑖𝑖𝑖 𝑐𝑐𝑡𝑒𝑒 𝑣𝑣𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑐𝑐𝑣𝑣𝑐𝑐𝑐𝑐𝑒𝑒

Weighting (Resource of an actor)

𝑤𝑤𝑖𝑖𝑖𝑖
4 =

𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖𝑖𝑖
𝑣𝑣𝑖𝑖 + ∑𝑘𝑘=1,𝑘𝑘≠𝑖𝑖

𝑔𝑔 𝑣𝑣𝑘𝑘𝑣𝑣𝑖𝑖𝑘𝑘
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Influence between Adjacent Actors: 
Equivalence

– Burt and Doreian utilized weight to
depict the transformation of scientists'
expressed interests in a scientific
journal into a journal norm.

– This norm signifies the expected level
of interest in the journal by scientists
due to their structural position within
"invisible colleges." It quantifies the
degree to which actor 𝑗𝑗 is perceived by
actor 𝑖𝑖 as their sole structural peer
within the college.
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𝑤𝑤𝑖𝑖𝑖𝑖
6 =

𝑙𝑙𝑖𝑖𝑖𝑖
1 − 𝑙𝑙𝑖𝑖𝑖𝑖

,

𝑤𝑤𝑡𝑒𝑒𝑣𝑣𝑒𝑒 𝑙𝑙𝑖𝑖𝑖𝑖 =
𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑖𝑖𝑖𝑖

𝜐𝜐

∑𝑞𝑞=1
𝑔𝑔 𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑞𝑞𝑖𝑖

𝜐𝜐

𝜐𝜐: a constant
𝑤𝑤𝑖𝑖𝑖𝑖: is set to zero and 𝑑𝑑𝑖𝑖 = max

𝑖𝑖
𝑑𝑑𝑖𝑖𝑖𝑖



Influence between Non-adjacent 
actors: Indirect Paths
– To model influence between non-adjacent actors, the analysis 

begins with exploring the indirect connections between them. 
– Contagion is subsequently perceived to propagate from alter to 

ego through interactions with third actors.
– The adjacency matrix is subjected to squaring or cubing, 

following which entries corresponding to adjacent actors are 
nullified.
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Other specifications

– For the study of policy and power networks,

𝑤𝑤𝑖𝑖𝑖𝑖
7 =

𝑣𝑣𝑖𝑖 𝑖𝑖
𝛼𝛼

𝑑𝑑𝑖𝑖𝑖𝑖
𝛽𝛽

𝑣𝑣𝑖𝑖: as (political) resources available to actor 𝑖𝑖.
𝑑𝑑𝑖𝑖𝑖𝑖: represents how difficult it is for 𝑗𝑗 to claim 𝑖𝑖’s resources
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Statistical Tests on the Weight Structure
– The researcher has narrowed down the potential influence structures to

one and seeks to test their theory, as embodied by a specific weight
matrix, against alternative influence structures denoted by different 𝑾𝑾
matrices.

– Scenario 1: The researcher regards one structure as the null hypothesis
and aims to compare it against alternative structures.

– Scenario 2: The researcher entertains multiple influence structures that
are equally plausible from a theoretical perspective. The ultimate
selection among them relies on statistical analysis.
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Situation 1: When a Null Hypothesis 
is Available
– Formula

𝐻𝐻0:𝑦𝑦 = 𝜌𝜌0𝑊𝑊0𝑦𝑦 + 𝑋𝑋0𝛽𝛽0 + 𝜀𝜀0
𝐻𝐻1:𝑦𝑦 = 𝜌𝜌1𝑊𝑊1𝑦𝑦 + 𝑋𝑋1𝛽𝛽1 + 𝜀𝜀1

– Augmented regressions
𝑦𝑦 = 1 − 𝛼𝛼 𝜌𝜌0𝑊𝑊0𝑦𝑦 + 𝑋𝑋0𝛽𝛽0 + 𝛼𝛼 �𝜌𝜌1𝑊𝑊1𝑦𝑦 + 𝑋𝑋1�𝛽𝛽1 + 𝜐𝜐

– If 𝐻𝐻0 is true, then the true value of nesting parameter 𝛼𝛼 is equal to 0.
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Situation 2: When No Hypothesis is 
Available
– Akaike information criterion (AIC)

𝐴𝐴𝐼𝐼𝐴𝐴 = −2𝐿𝐿 �𝜌𝜌, �̂�𝛽 + 𝑞𝑞 𝑘𝑘

Where 𝐿𝐿 �𝜌𝜌, �̂�𝛽 is the log-likelihood at the maximum and 𝑞𝑞(𝑘𝑘) is a penalty function of 
the number of unknown parameters in the model.

By comparing the AIC values across all models, the model with the lowest AIC indicates 
the best fit.
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Summary
– The Mechanism of Influence: Communication, Comparison, Adjacency,

or Non-Adjacency.
– The Source of Influence: Do actors replicate alter's behavior or opinion

directly (network effect), or do they mirror the adaptation of alter's
behavior or opinion? (network disturbance)

– Normalization: Whether actors have a restricted capacity to influence
others (row normalization) or a limited readiness to accept influence
(column normalization).
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R: Installation

– Download R and Install:
https://www.r-project.org/

– Click ”download R”

– Select your OS
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https://www.r-project.org/


R: Installation
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https://cran.csie.ntu.edu.tw/

https://cran.csie.ntu.edu.tw/


R: Installation
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R: Installation
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R: Installation
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R Studio: Installation
https://posit.co/download/rstudio-desktop/
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https://posit.co/download/rstudio-desktop/


Lab Practice
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𝑦𝑦 = 𝜌𝜌1𝑊𝑊1 𝑦𝑦 + 𝑋𝑋𝛽𝛽 + 𝜀𝜀
𝜀𝜀 = 𝜌𝜌2𝑊𝑊2 𝜀𝜀 + 𝜈𝜈
𝜈𝜈~𝑁𝑁(0,𝜎𝜎2𝐼𝐼)



Lab Practice
– Package installation
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Lab Practice
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Student ID

Semester Subject Preference (1-5)



Lab Practice
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Friendship network: ego is std_id and 
alter for each ego is alter_id



Lab Practice
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A A
B C
D F
X U

1
1
2
2

O.1 O.2
A    D
B    X

P.1 P.2

O P

B   F
C   U



Lab Practice
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Lab Practice
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1. Do average
2. Integer to Character
3. Edgelist to igraph
4. Drop na



Lab Practice
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The End
Thank you for your attention!

Email: chchan@ntnu.edu.tw
Website: toodou.github.io

Social Network Analysis
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